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Analysis of Large Vortical Structures in Shear Layers
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One of the most promising methods of minimizing drag is the reduction of skin friction by the injection of
low-momentum fluid into the near-wall region of turbulent boundary-layer flows. This method could be made
more effective by limiting the spread rate of the resulting mixing region. In order to achieve a better understand-
ing of how this goal might be achieved, numerical investigations of the relevant fluid dynamic processes govern-
ing these regions have been conducted. A compact finite difference algorithm has been applied to the complete
form of the governing conservation equations for a two-dimensional laminar mixing layer. The ability of this
computational approach to model successfully the formation and interaction of the large-scale vortical struc-
tures dominating such flowfields is verified in the present study. Parameters affecting the spread rate of the mix-
ing region are also identified and found to be consistent with experimental studies. In addition, the relative im-
portance of viscous and momentum transport effects in the vortex interactions is determined.

Introduction

T HE continuing escalation of energy costs in recent years
has made the efficient use of available fuel resources a

subject of major concern. For air transport systems, this im-
plies reducing the overall vehicle drag to a minimum. Skin
friction, which can account for up to 50% of the total drag
on long-range transports and general aviation jets, has been
identified as the area where greatest improvements might be
realized.1 One technique for achieving significant skin-
friction reductions is the injection of low-momentum fluid
through a slot into the near-wall region of the boundary
layer.2'3 Figure 1 shows a typical arrangement. The lower-
velocity fluid produces a region of decreased surface drag.
At the interface of the two streams, a mixing layer develops
and begins to spread as it moves downstream. Once this
region reaches < the wall, viscous drag levels return
monotonically to near-freestrearn values. Thus, if the shear
layer spread rate could be slowed, greater drag reductions
would be realized.

Experimental studies4"8 have shown that such mixing
regions are characterized by the presence of large-scale vor-
tical structures formed by the roll-up of the developing shear
layer. The growth and interaction of these entities deter-
mines, to a large extent, the spatial and temporal evolution
of the flowfield. Specifically, the coalescence of two or more
of these relatively discrete vortices into a single larger struc-
ture has been found to be the primary source of mixing
growth.6"8 Thus, an understanding of the physics governing
this process is essential to the manipulation of the spread
rate.
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The present work addresses this problem by applying a
compact finite difference scheme9'10 to the complete form of
the governing conservation equations for a two-dimensional
mixing layer. It should be emphasized that, since a laminar
code is used, the effects of small-scale random turbulence are
not included. However, the flowfields under consideration
are dominated by large-scale velocity fluctuations associated
with the coherent structures. Since these effects are accu-
rately modeled, good computational results can be obtained.

This approach offers a distinct advantage over point
vortex methods11"14 since the generality of the equations per-
mits detailed study of the relevant dynamic processes. In ad-
dition, this formulation of the problem permits observation
of the downstream evolution of the vortical structures in
their proper spatial and temporal relationships. This is in
contrast to temporal mixing layer studies (e.g., Ref. 15)
where nonparallel growth of the mixing layer is not allowed.

The validity of this approach has been verified by its ap-
plication to several forced shear layers investigated ex-
perimentally in Ref. 8. In addition, information relating to
the viscous and momentum transport terms has been ex-
tracted from the calculated velocity fields. An investigation
of phase effects has shown the necessity of using a spatially
accurate numerical scheme.

Approach
The governing conservation equations are formulated in

velocity-vorticity variables as follows:

ux + vv = 0 (1)

(2)

(3)

where u and v are the x and y components, respectively, of
the velocity vector V and f the vorticity. The streamwise
coordinate is x and y the transverse coordinate. Subscripts
denote differentiation.

The two-step solution procedure of Refs. 9 and 10 is used
to advance the solution in time. First, given an initial vortic-
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Slot flow

Fig. 1 Typical slot flow configuration.

ity field, the velocities are determined by applying Eqs. (1)
and (2), together with appropriate averaging conditions, to
each computational cell. A typical cell is shown in Fig. 2,
with the dependent variables assigned to their respective
locations on the cell. Values on cell edges are averages along
that edge, while values of center cell variables are averages
over the entire cell. In discretized form, the equations
become

dxun
f+dyvn=0 (4)

(5)

(6)

(7)

where the periods denote spatial indices at the cell centers, n
is the time index, and <5 and /* are the standard difference
and averaging operators defined below for a typical variable
S and grid spacings AJC and Ay.

^ij=(SiJ+l/2 -S^^/Ayj (9)

The resulting system of equations is solved by an SOR-type
iteration scheme. Then, to obtain the new vorticity field, the
vorticity transport equation is solved, together with averag-
ing conditions, by an ADI-type scheme. In discretized form,
these are

where

(14)

(15)

and qx, qy are functions of the respective cell Reynolds
numbers.9'10 This completes one time step. For further
details of the computational techniques, see Ref. 10.

At the top and bottom boundaries, v = 0 conditions are
imposed and held fixed for all time. The vorticities are
calculated by second-order accurate differences at each time
Step. The downstream boundary is handled by applying out-
flow flux conditions on the v velocity and on the vorticity.

This is done by moving the values at a distance uAt upstream
out to the boundary for the next time step. To verify that
this procedure produced satisfactory results, a case was run
with the computational field extended 20% in the down-
stream direction. No changes in the vortex interaction pro-
cesses were observed. At the inflow, values of u and the vor-
ticity are specified. The velocity difference between the two
streams is assumed to occur across a single computational
cell on this boundary. The height of the cell is set equal to
the initial maximum slope thickness of the shear layer, which
is defined as

Maximum slope thickness = •
Au

(du/dy), (16)

The distribution of u values is assumed to be as shown in
Fig. 3. The velocity difference between the two streams oc-
curs at the center of the edge of the inflow computational
cell located at y = 0.0. This choice of location is made to
fully utilize the fact that the variables defined at these edge
locations are necessarily interpreted as average values across
the edge.9 To determine what value of u to assign to this
cell, consider the following representation of the velocity
field shown in Fig. 3:

(17)

where the Heaviside function is defined as,

H(y)=0 y<0

= '/2 y = 0

= 1 y>0 (18)

The required averaging of the functional form along the side
of a cell gives an inflow u velocity value at y = 0.0 of

U=1/2(U2 (19)

The manner of assigning vorticity boundary values at the in-
flow was found to be extremely critical. It is, of course,
necessary to obtain vorticity values consistent with the
velocity profile shown in Fig. 3 and represented by Eq. (17).
Thus, vorticity values are zero at all inflow points, with the
exception of the interface cell. At this cell the vorticity value
is assumed to be given by

du
(20)

Differentiating and then averaging the functional form of U
[Eq. (17)] yields a value for f, at the interfacial cell, of

3U
Ay (21)

Forcing is provided by superimposing sinusoidal disturbances
on the u values at the inflow boundary. Thus, we have

(22)

where the ak are disturbance amplitudes, uk their frequen-
cies, and ak their phase angles relative to the lowest fre-
quency present and U is the unperturbed velocity at the in-
flow boundary.

Results
To validate the computational accuracy of the present ap-

proach, it was applied to the water tunnel investigations of
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Fig. 2 Typical computational cell showing
indexing of variables.
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Fig. 4 Experimental apparatus.

Ref. 8. The experimental arrangement is shown in Fig. 4.
Forcing was accomplished by introducing longitudinal veloc-
ity fluctuations into the flow by means of the butterfly
values. Since the computational field begins at the shear
layer origin, the amplitudes of these fluctuations measured at
a point 16 mm downstream of the splitter plate were
superimposed on the inflow u values.

Experimentally, with no forcing applied, only a periodic
vortex formation was observed.8 There was, however, a peak
in the spectrum of the stream wise velocity fluctuations,
which will be referred to as the most probable frequency fm.
This frequency was found to be about 5.06 Hz, which is
close to the theoretical most amplified frequency.8'15 It can
be estimated for a given set of parameters as

Stm=fmO/U~O.Q35 (23)

where Stm is the corresponding Strouhal number, 6 the
momentum thickness, and U the mean velocity of the two
streams.

Computationally, no vortex formation was observed in the
unforced case. This apparent discrepancy is due to the
presence of random background velocity fluctuations in the
water tunnel of sufficient amplitude to trigger the irregular

vortex formation that occurred. Unless specifically imposed,
such background disturbances do not exist in the computa-
tional flowfield.

In the presence of forcing, several radically different mix-
ing layer configurations were produced, depending on the
frequencies used. The first of these, which shall be referred
to as a mode I flow regime, is illustrated in Fig. 5. For this
case, the forcing frequency is kept within the range of ap-
proximately 2.50-6.35 Hz. The lower limit corresponds
roughly to the first subharmonic of fm. The photograph of
the water tunnel test section shows distinct periodic vortices,
but no interactions between them. The response frequency,
identified as the vortex passage frequency, matches the forc-
ing. For the case shown, the forcing and the response fre-
quencies are each equal to approximately 3.29 Hz. There is a
definite streamwise elongation of each structure as it moves
downstream, accompanied by diffusion. The vorticity con-
tour map generated by the numerical scheme is shown in the
same figure below the photograph. Of course, this type of
comparison between the vorticity contours and the
streaklines is qualitative, since only in the case of inviscid
flow and time-independent inflow conditions would the lines
of constant vorticity and streaklines coincide.16 However,
since the essential dynamics in the mixing layer flow is in-
viscid and the inflow unsteadiness is a relatively weak
sinusoidal variation with zero time mean, it is not
unreasonable to use the readily available vorticity values
within the domain as a comparison basis. As Fig. 5 shows,
the vorticity contours capture all of the relevant features of
the mode I flowfield. Distinct vortices are clearly evident,
but no interactions are indicated. Their passage frequency is
equal to the forcing. The streamwise elongation is clearly
shown and an inspection of the vorticity contours reveals its
source. The structures are subjected to longitudinal shear
stresses caused by the difference in velocity between the two
streams of fluid. It can be clearly seen that the vortical fluid
is swept downstream more quickly on the bottom, or high-
speed, side than on the top. This results in the distortion of
the vortex structures in the streamwise direction.

Figure 6 illustrates the mode II region that corresponds to
forcing frequencies of approximately 1.60-2.50 Hz. This
range extends roughly from the second to the first subhar-
monic of fm. The top photograph shows the experimental
flowfield.8 The forcing frequency in this case is 1.62 Hz.
Vortex formation occurs initially not at this frequency but at
approximately 3.24 Hz, which is its first harmonic. Two vor-
tices then merge to produce a downstream passage frequency
of 1.62 Hz, which does correspond to the forcing. This pat-
tern is typical of the mode II regime. The shear layer
responds initially to a frequency close to fm which, in this
case, is the first harmonic of the forcing. The downstream
amplification and subsequent saturation of the forcing fre-
quency then causes the vortex pairing. The coalescence of the
vortices is accompanied by a large increase in the spread rate
of the mixing layer. This same behavior can be seen clearly
in the numerically generated vorticity contour plot directly
below the photograph.

A further decrease in forcing frequency below approx-
imately 1.6 Hz produces a mode III configuration as shown
in Fig. 7. The top photograph once again shows the test sec-
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Fig. 5 Experimental flowfield and numerically generated vorticity
contour plot for a mode I configuration.

Fig. 6 Experimental flowfield and numerically generated vorticity
contour plot for a mode II configuration.

Fig. 7 Experimental flowfield and numerically generated vorticity
contour plot for a mode III configuration.

tion flowfield.8 The forcing frequency in this case is 1.06
Hz. The initial response now comes at approximately 3.18
Hz, corresponding to the second harmonic of the forcing.
Once again, the sensitivity of the initial shear layer region to
frequencies near fm is indicated. In this flow regime, three
vortices eventually merge under the influence of the forcing
frequency that is amplified downstream. In most cases, two
structures first coalesce and then this pair merges with the
next trailing vortex. An increase in the spread accompanies
this process. The vorticity contour map from the algorithm,
located below the photograph, once again shows all of the
relevant flowfield features.

Figure 8 shows a plot of the maximum slope thickness vs
downstream distance for an unforced mixing layer. As can
be seen, the calculated values agree quite well with those
determined experimentally8 up to about x=13.0 cm. It was
at this point that random vortex pairings characterized by
the linear growth rate of the region began to occur in the

water tunnel. For the reasons mentioned earlier, this,
behavior is not exhibited by the numerical results.

Figure 9 gives the same information for a mode I mixing
layer. Once again, the agreement is good up to the point
where, in the experiment, random vortex pairings, triggered
by the background velocity fluctuations, began to occur.
Note that the calculations show a decrease in the shear layer
width after it reaches a maximum. This effect is the result of
momentum transfer mechanisms between the mean flow and
the large-scale structures and will be discussed in detail later.

Figure 10 shows the spread rate of a mode II mixing layer.
The divergence from experimental values at large x is once
again apparent and expected. Otherwise, agreement is good
except for a slight downstream shift in the calculated region
of maximum growth relative to the corresponding region
measured in the tunnel. This could be caused by the lack of
resolution in the region near the left boundary where
substantial amplification of the relevant frequencies occurs.
This would result in a delay in the saturation point of the
forcing frequency and thus move the vortex coalescence
downstream. This shift accounts for the slightly higher
calculated thickness after merging since a more developed
mixing layer is present initially. It should be noted that the
region of maximum spread is almost identical in spatial ex-
tent in both cases, covering a length of approximately four
wavelengths of the initial response frequency. Also, in both
cases, the mixing region almost exactly doubles in thickness
during the coalescence process.

It is also possible to compare computed and experimental8

mean velocity profiles for the mode II case. In order that the
mean velocity profiles be compared correctly, it is necessary
to use locations of equal momentum thicknesses as a basis of
comparison. Figure 11 shows such a comparison at x= 14 cm
(see Fig. 23 of Ref. 8) and, as is seen, the agreement is quite
good. This close quantitative and qualitative agreement be-
tween the developed velocity profiles indicates that the domi-
nant mean flow features have been captured.

As a further verification of the numerical procedure, it is
desirable to compare results from the fluctuating flowfield.
Once again, the mode II case is studied. A comparison be-
tween the computed and experimental8 rms streamwise fluc-
tuating velocity component is shown in Fig. 12 at x= 12 cm
(see Fig. 29 of Ref. 8). The figure shows a fairly good quan-
titative and qualitative comparison between the results. Since
this streamwise position is in a region of vortex merging, the
nearly lateral alignment of two vortices is clearly represented
by three distinct peaks in the figure. However, the lateral
location of these computed peaks is slightly skewed relative
to the experimental results8 and the peak amplitudes are
lower in the computed results. These discrepancies can be at-
tributed to either insufficient numerical resolution in the
vicinity of the peaks or to the absence of background tur-
bulence that would augment the disturbance energetics, or
both. It is apparent from the comparisons made between the
computed and experimental8 mean and fluctuating flow-
fields, that the numerical scheme has been able to model ac-
curately the vortex interaction phenomenon. Later, addi-
tional insight into the merging process will be provided from
an examination of the instantaneous and averaged fluc-
tuating stresses present in the mixing layer.

In addition to the frequency of the applied perturbations,
another factor that greatly affects the shear layer structure is
the phase angle between the forcing and the initial response.
Figure 13 demonstrates this for a mode II case. Here, the
downstream propagation of vertical velocity perturbations,
introduced at the left-hand boundary, is shown schemati-
cally. In Fig. 13a, the two frequencies are in phase. Initially,
the shear layer is more sensitive to the response frequency
and it will dominate, producing vertical displacements of
fluid into either higher- or lower-velocity regions. Fluid dis-
placed upward tends to be slowed and overtaken by that
displaced downward into the higher velocity stream. This
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Fig. 8 Spread rate on an unforced mixing layer.
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Fig. 10 Spread rate of a mode II mixing layer.

produces an initial vortex roll-up at the points marked by the
asterisks. As can be seen, this places the vortices at the max-
ima of the forcing frequency curve. Thus, as it is amplified
by the shear layer, maximum vertical displacement of the
vortices is produced and those structures displaced into the
high-speed flow will overtake those carried into the low-
velocity side. The two vortices will then "roll" about each
other and merge much like the regions of fluid that produced
the initial shear layer roll-up.

Now, consider the case where the response and forcing
perturbations are 180 deg out of phase. This situation is
shown in Fig. 13b. The same reasoning applies as before, but
now it can be seen that initial vortex formation will occur at
the nodes of the forcing frequency curve. Thus, even with
the downstream amplification of the forcing, no vertical
displacements of the vortices will be produced and there will
be no tendency for one to overtake another. Merging will be
severely inhibited or absent altogether. Alternatively, a
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Fig. 11 Comparison of calculated and experimentally measured
mean velocity profiles of mode II mixing layer.
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Fig. 12 Comparison of calculated and experimentally measured
streamwise velocity fluctuations of mode II mixing layer.

vortex may be stretched and possibly torn apart in the strain
fields produced by its neighbors. This behavior was found in
Ref. 15. It should be noted, however, that in this case,15 the
high-speed flow is on top, which produces a 180 deg phase
shift in the roll-up points. Thus, when the forcing and
response frequencies are in phase, vortices are formed at the
nodes of the forcing frequency curve and merging is in-
hibited, while a phase shift of 180 deg is most favorable to
coalescence.

To verify this behavior, two cases were run for the mode
II mixing layer with phase shifts of 0 and 180 deg. The
results are shown in Figs. 14a and 14b. It was found that
merging was quite well developed in both instances. Thus,
another phenomenon would seem to be at work. Consider
once again the situation shown in Fig. 13b. The reasoning
given up to this point assumes that no net vertical velocity is
induced on any vortex by its neighbors if they are equally
spaced. This is not the case in a spatially developing mixing
layer. Vortex strengths vary as the structures evolve
downstream and the net effect in the present case is to in-
duce an upward velocity on each vortex. This produces a
slight upward shift into the low-velocity region and thus their
propagation velocity is retarded. The net result is a
backward, or upstream, shift in the vortices relative to the
forcing waveform, causing a decrease in the effective phase
angle. Thus, to achieve the maximum stretching situation, a
higher phase angle must be used. To verify this fact, a run
was made with a phase angle of 225 deg between the fun-
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Fig. 13 Effect of phase relationships on vortex evolution patterns.
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Fig. 14 Effect of phase angle on mixing layer evolution.

Fig. 15 Contours of u'v' for a mode I mixing layer.

Fig. 16 Contours of u'v' for a mode II mixing layer.

Fig. 17 Contours of viscous terms for a mode II mixing layer.

Fig. 18 Contours of u' v' for a mode II mixing layer.

damental response frequency and the forcing subharmonic.
The results are shown in Fig. 14c. As can be seen, the pairing
process is indeed inhibited and the vortex stretching is much
more pronounced.

An important point to remember is that it is the spatial ac-
curacy of the present scheme that allows it to model this ef-
fect. Any solution technique using periodic boundary condi-
tions cannot account for the difference in induced velocity
caused by vortex evolution.

Next, the large-scale contributions to the Reynolds stresses
were investigated. Contour lines of instantaneous u'v'
values for a mode I mixing layer are shown in Fig. 15. The
solid lines are positive, the dashed lines negative. A com-
parison with Fig. 5 shows that the momentum transport
terms are small until roll-up begins and then become very
strong as momentum is transferred from the mean flow to
the large-scale structure. Note that in this region, the
momentum transport is predominantly positive, as it should
be for transfer of high-momentum fluid to lower-momentum
areas. As the flow evolves downstream, the predominant
sign becomes negative, indicating a reversal in the momen-
tum transport direction. Energy begins to be transferred
from the large-scale structures back to the mean flow. This is
the mechanism that causes the shear layer collapse men-
tioned earlier.

Figure 16 shows the instantantous u'v' distribution for
the mode II mixing layer of Fig. 6. The same comments ap-
ply with the additional observation that the very intense
positive regions of momentum transport are associated with
the pairing process. This indicates that the merging

phenomenon is indeed governed largely by inviscid effects.
Consideration of the distribution of the viscous terms for a
mode II mixing layer will confirm this fact. A plot of these
terms for this same mode II configuration is shown in Fig.
17. As can be seen, viscous effects are very pronounced in
the initial shear layer regions before roll-up occurs, but are
negligible once the dominance of the large scales is estab-
lished. They seem to be associated primarily with vortex
cores and with regions where "braids" of vorticity are being
stretched between two structures.

To gain further insight into the interaction processes of the
large scale structures with the mean flow, a time average of
the u'v', u'v', was computed over the mode II flowfield.
The results are shown in Fig. 18. The dominance of the
positive momentum transport terms (solid lines) in the initial
roll-up of the shear layer and its downstream evolution
through vortex coalescence is clearly indicated. The intensity
of the u' v' term in the region corresponding to the initiation
of vortex pairing indicates that this process is indeed
dominated by momentum transport from the mean flow to
the vortical structures. The change to negative contours (dot-
ted lines) after the completion of vortex merging corresponds
to the shear layer collapse mentioned earlier. Momentum
and energy transfer from the large-scale structures back to
the mean flow dominates this region.

Conclusions
The ability of the present computational approach to

model accurately the development and interaction of large-
scale vortical structures in an evolving mixing layer has been
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established by comparison with experimental results. The im-
portance of providing both spatial and temporal resolution
of the flowfield in the investigation of such phenomena as
phase effects has been demonstrated. Momentum and energy
transport from the mean flow to the large-scale vortical
structures has been identified as the dominant mechanism of
shear layer roll-up and vortex coalescence.
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